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^ | Abstract 

Let g be a (say, sufficiently differentiable) scalar function on the reals. One knows how 
to apply g to Hermitian elements A of a C*-algebra. Yet the question of differentiability 
of A ^ g(A) is not trivial, since in general ll A and dA do not commute". However, since 
the mapping from g to A g(A) is linear, one can, via Fourier Transform, reduce the 
case of general g to the case g(x) = exp(x). For the latter one has an explicit formula 
for the n-th Frechet derivative (more complicated than in the scalar case - still A and 

■ dA do not commute!). In this way, one bounds the norm of the n-th (Frechet) derivative 
of A i — ^ g(A) on a ball of radius r by a Sobolev norm involving the {n + l)-th derivative 
of g on the interval [— r;r]. 
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1 Derivatives of Functions Between Banach Spaces 

We assume known the notion of integral of a function having values in a locally convex space 
E (J* / being denned as the member of E such that for any continuous linear functional x 
on E x(J f) = J x o /), as well as the theorems ensuring the existence of the integral if E 
is quasi-complete (in particular, a Frechet space), and either / is continuous from a compact 
space K to E and the integration is on a finite measure on K (i.e. with finite mass), or / is 
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1 DERIVATIVES OF FUNCTIONS BETWEEN BANACH SPACES 



continuous from a locally compact space to E and the integration is on a positive measure, 
finite on any compact and such that for each topology-defining seminorm ponEJpof<oo. 

For E a Banach space, x G E and r > denote 

B r := {y G E \ \\y\\ < r}, B r {x) := {y G E \ \\y — x\\ < r} 

If E and F are Banach spaces denote by C(E, F) the Banach space of the bounded linear 
operators from E to F. For n > integer denote by (F, F) the Banach space of bounded n- 
multi-linear operators from E n to F. One may identify C^(E, F) = F, C^(E, F) = C(E, F), 
F) = C (E, (F, F)) . 

We shall need the following 

Proposition 1 Let F and F fre Banach spaces, let U C E be open and let f : U — > F 7 
g : [/ — > £(F, F) fre continuous. Then a necessary and sufficient condition that g is the 
Frechet derivative of f on U is that for any x G U and for any v G E in some open ball 
around x contained in U one has 

f(x + v)-f(x)=f 1 <g(x + tv),v>dt. (1) 

J 

Proof If g is even the Gateau derivative of / on U, x G U and e > such that B £ (x) C C/, 
then for all i> G -B £ (x) the function t i— > /(x + tf) is continuous on [0, 1] and has on ]0, 1[ the 
continuous derivative t h- + tf),f >. Hence (1) follows from the fundamental theorem 
of calculus (for Banach-space valued functions). 

Conversely, if (1) holds for all x G U for v in some open ball B e (x) around x, then one has 

\\f(x+v)-f(x)- < g(x),v> \\ = \\ [ < g(x+tv)-g(x),v > dt\\ < ( sup \\g(y) - g(x) || ] ||u 

Jo \||i/-*||<N| / 

and by the continuity of g at x and the definition of Frechet derivative one has f'(x) — g(x). 
QED 

For K a (Hausdorff) compact topological space and F a Banach space denote by C(K, F) 
the Banach space of continuous functions K —> F with the sup norm. 

Proposition 2 Let K be Hausdorff compact and let E, F be Banach spaces. Let U C E 
be open and f : U x K — > F continuous. Then the function /:[/—> C(F, F) <jwen fry 
/(x) := (s i— > f(x,s)) is continuous. 

Proof Let x G U and £ > 0. For each s G F" there is an open neighborhood and a 
5 S > so that s' G and — x\\ < 5 S imply s') — f(x,s)\\ < e, hence, since also 

\\f(x,s') — f(x,s)\\ < e one gets \\f(x',s') — f(x,s')\\ < 2e. Since K is compact, there exist 
Si, . . . ,s n G K with UW^s^ = K. Take 5 = minjO^. Then for — x|| < 5 we have for all 
s' E K \\f(x', s') - f(x, sj\\ < 2e thus 

\\f(x') - f(x)\\ = sup \\f(x',s) - f(x,s)\\ < 2s. 

seK 

QED 



3 



Proposition 3 Retaining the setting of Prop. 2, assume f has a ("partial") Frechet derivative 
w.r.t. x everywhere in U x K, and this derivative, as a function g : U x K — > L(E,F) is 
continuous. Then f has a continuous derivative in U, that derivative being the function 
g : U — > L(E, C(K, F) given by g(x) := v h-> (s h->< g(:r, s),v >) (v <E E, s e K). 

Proof Firstly, for each v & E the function s t-^< g(x,s),v > is continuous on hence 
belongs to C(K,F). Moreover, g is continuous from U to L(E,C(K, F) since 

II < <7<y)> w > ( s )~ < 9(x),v > (s)\\ = || < g(x',s),v > - < g(x,s),v > \\ < 
^sup||^(x',s) -g(x,s)\^J \\v\\ 

and the last supremum tends to as x' — > x by Prop. 2. 

Thus, to prove Df = g we need only to prove the equality of Prop. 1: 

f(x + v)-f(x)=[ 1 <g(x + tv),v>dt, (1) 
J o 

which will hold if substituting any s would give equality, i.e. if 



f{x + v,s)- f(x, s) = f < g(x + tv, s),v> 

Jo 



dt 



which follows from Prop. 1, g being the "partial" derivative of /. 
QED 



Corollary 4 If, in the setting of Prop. 2 and 3, /i is a finite measure on K then in U: 

d 



< 



j^J f(x,s)dfi(s),v >= J <g(x,s),v> d(i(s). 



Proof This follows from Prop. 3 and from the fact that if one denotes, for h G C(K,F), 
fj,(h) := / h(s) d/i(s), one has 

J f(x,s)dfi(s) = fi(f(x)) 

J < 9(x, s),v> dfj,(s) = J < g(x),v > (s) dfj,(s) = //(< g{x),v >). 

QED 

Let now E and F be Banach spaces, and denote by BC°°(E, F) the linear space of functions 
/ : E — > F with continuous derivatives of any order on all of E, these derivatives bounded on 
any bounded subset of E, with the locally convex topology defined by the seminorms 

PnAf)--= sup \\f {n) (x)\\= sup \\f^(x)\\ r>0, n = 0,l,2,... (2) 

||x||<r IMI<»* 
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2 POLYNOMIALS AND ENTIRE FUNCTIONS 



(the two suprema are equal since is continuous on E). 

This space is metrizable, being Hausdorff with topology defined by a countable set of 
seminorms (take also r > integer). Also, this space is topologically isomorphic to the 
subspace Y of the product X of the Banach spaces X nr (n > and r > integers), X nr 
being the space of continuous bounded functions from B r to £( n \E, F) with sup norm, where 
an element of the product of X n)T is defined to be in Y if it satisfies compatibility conditions: 
that for any r and n the n + l,r coordinate be the derivative of the n, r coordinate and the n, r 
coordinate coincide with the restriction of the n, r + 1 coordinate to B r . All these conditions 
give closed sets (by Prop. 1). Hence Y is closed in the product X, so BC°°(E, F) is complete. 

One concludes that BC°°(E,F) is a Frechet space. 

For E = F denote BC°°(E) := BC°°(E, E). 

2 Derivatives of Polynomials and Entire Functions in a 
Banach Algebra 

From now on, A will be a Banach algebra with unit (denoted by 1), we also assume ||1|| = 1, 
\\xy\\ < IMHbH, x,y e A. 

Denote by S n (n > integer) the set of permutations in {1, ... ,n}. S n has n\ elements. 

Denote by P n ^ (n > 0, k integers) the set of sequences a = (cto, . . . , a n ) with oti > 
integers and J2 a i — k. 

Let us find how many members P n ^ has. P n ^ has 1-1 correspondence with the set of 
sequences (3 = (fli, . . . , /3 n ) with /3j integers, $ < fli > 0, f3 n < k (just correspond 

ai = /3i + i — Pi for 1 < i < n — 1, cto — fio, OL n = k — f3 n .) The set of /3's has 1-1 correspondence 
with the set of 7 = (71, . . . ,7„) with 7, integers, 7, < 7^+1, 71 > 1, 7 n < n + A; (just let 
li = Pi + i) ■ The 7's can be identified with the subsets of n elements in {1, . . . , n + k}. One 
concludes that P n>k has elements. 

Theorem 1 For every integer k > the function x x k on A is C°° and its n-th derivative 
is given by (vi G A): 

<D n (x k ),v 1 ®v 2 ®---®v n >=Y / Yl x™Vft 1) x ai v m ---x an - 1 Vft n )X an (3) 

,k — n 

(if k — n < P n> k- n is empty and the sum is 0). 

Proof The function x 1— > x k is clearly continuous (and bounded on bounded subsets of A). 

Let k > 0. To obtain the first derivative of x 1— > x k , note that it is a composition of 
the multilinear function from A k to A (x 1 ,x 2 , ■ ■ ■ ,x n ) 1— > XiX 2 ---x„ and the linear x 1— > 
(x, x, . . . x). Hence x k is C 1 with the continuous derivative given by 

k 

< D(x k ),v >=^2x i ~ 1 vx k ~ i = x ao vx ai 

i=l aePi t k-i 
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agreeing with (2.1) for n — 1. 

For k — and n>lwe have x° = 1 so _D n (:r ) = 0, and the RHS in (2.1) is also since 

Pn,-n = 0- 

The assertion holds also for n — 0. Indeed, then the LHS is and in the RHS 5*0 = 0, 
Po,k = {(k)} so the RHS is also x k . 

Proceed now by induction, assuming that n > 1, x k is C n and (3) holds for n. Firstly (3) 
for n implies that D n (x k ) obtains from composition of a bounded multilinear function with 
the C 1 functions x ai , so D n (x k ) is C 1 , making x k C n+1 . To prove (3) for n + 1, differentiate the 
expression in the RHS in (3) for n, using the same (3) for n — 1 which we obtained above: 

< D n+1 (x k ), vi <g> ■ ■ ■ ® v n ® w >= 

E S S • • • ^ a<_1 ^« E xi^wx**-' v^ i+1) x ai+1 ■ ■ ■ v Hn) x an . 

(pes n a£P n ^ k _ n i=i y=i / 

And one easily convinces oneself that the RHS here is exactly the RHS of (3) for n + 1, with 
v n+ i = w, where the summand corresponding to a <fi G S^, an < i < n, an a G P n ,k-n and a 
1 < j < «i would correspond in the RHS of (3) for n + 1 to the ip G S^+i with 



■0(m) 

and to the sequence 



4>{m) 1 < m < i 
n + 1 m — i + 1 
(pirn — 1) i + l<m<n + l 



(a , • • • j -l,oti - j,oti+-y, . . . , a n ) G P„+i,fc-n-i- 

QED 



Corollary 5 For integer k > i/ie function x x k is in BC°°(A) with seminorms (form < 

define — - = 0): 
ml 

k\ 



Pn,r( X ) < 



„k—n 



(k-n)\ 



(4) 



Proof This follows from Thm. 1, from S n having n\ elements and P n ,k-n elements, and 
from the inequality, holding for ||x|| < r (with the notation of (3)): 



x ao v m x ai v H2) ■ ■■x an - 1 v Hn) x a " 



< r k n ||Vl||||V2|| ■■■\\Vn\ 



QED 
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3 THE DERIVATIVES OF THE EXPONENTIAL FUNCTION 



Theorem 2 Let (dk)k=o,i,... be a sequence of complex numbers with Ictk] 1 ^ — > (i.e. so that 
the complex function a kZ k is entire). Then the series for x e A 

oo 

f(x) = ]T a kX k (5) 

fc=0 

converges absolutely for all x e A, converges in BC°°(A) as a series of elements of that space 
hence defines an element (function) belonging to BC°°(A). 

Proof BC°°(A) being a Frechet space, to prove convergence of the series in EC 00 (A) it suffices 
to prove "absolute convergence" w.r.t. the defining seminorms, i.e. to prove that for n > 
integer and r > the following series converges: 

E Pn,MkX k ) = £ \a k \ p n , r (x k ) < (4) £ Wk\jr—^r k - n < r~ n ]T \a k \ k n r k . 
k k k [K-ny. k 

And the last series converges since 

i/k 



(\a k \k n r k y=\a k \V k {k l / k Yr 0. 



The absolute convergence of the series (5) at each x G A (to the value at x of the element 
that the series defines in BC°°(A)) follows from the fact that evaluation at x is a continuous 
operator on BC°°(A) (because for g e BC°°(A), if \\x\\ < r then ||^(x)|| < po,r(g))- 
QED 



Remark 1 Retaining the setting of Thm. 2, if one replaces a k by a k t k for some complex t, 
then also |a fc t fc | 1 / fc = |t||afc| 1//fe ^fc^oo 0, so the function 

oo 

x ^J2 a kt k x k = f(tx) (6) 

fc=0 

is in BC°°(A). Moreover, the computations in seminorms in the proof of Thm. 2 show that the 
series (6) converges, as a series of elements of BC°°(A), uniformly in t on every disk \t\ < R. 
Hence the £>C°°(A)-values function on the complex plane 1 1— > (x i— > f(tx)) is continuous. 

3 The Derivatives of the Exponential Function 

Take in Thm. 2 a k = — . For any fixed natural m, for k > m 

k\ 

1 \ 1/fe ( 1 \ 1/k f l\ 1/k f 1 



A- 
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fc,m=0,l, 



hence aJ / — >k - of course the complex function exp 2: = tt is entire. By Thm. 2, the 

k\ 

same series defines a function A — > A, also denoted by exp: 

oo y.k 

expx:=^— , (7) 

k=0 

and this function is a member of £>C°°(A). 

Clearly exp = 1 and for x G A any element of x that commutes with x commutes with 

exp x. For commuting x,y <E A consider the family of elements of A ( — — -,x k y m ) 

\k\ml J) 

The sum of norms of this family < oo, hence this family is unconditionally summable in A. 
Grouping its elements varying k then varying m one finds that its sum is (exp x) (exp y), while 
by grouping (k,m) according to k + m one gets exp(x + y) for the sum. Thus the exponent 
in A has the characteristic property, for commuting x,y G A: 

exp(x + y) = (exp x)(exp y). (8) 
For x G A and complex t one has 

fc=0 fc=0 ' i - 

We wish to take derivatives w.r.t. t. The series of t-derivatives of the terms gives: 

OO -I OO -I OO -I 

This series sums to x(exp(tx)) = (exp(tx))x. Since each term and the sum are continuous in 
t for both the series for exp(tx) and the series of term- by-term derivatives, and both series 
converge uniformly on closed disks in t (by Remark 1), and since the relation of being the 
derivative behaves for continuous functions as in Prop. 1, one finally concludes: 

— exp(trr) = x(exp(tx)) = (exp(tx))x. (9) 

We wish to compute the higher derivatives of exp x w.r.t. x. Contrary to the complex case, 
the problem here, as mentioned above, is that u x and dx do not commute". One might try 
to use the series (7), but we shall proceed differently. 

Proposition 6 For x,v G A: 

<D(expx),v>= / exp(tx)v exp((l — t)x) dt. 
Jo 



3 THE DERIVATIVES OF THE EXPONENTIAL FUNCTION 



Proof Consider the A-valued function of two real variables: 

f(s, t) = exp(t(x + si;)) exp(— tx) 
We know that / is C°°. One has, by (9): 
d 2 d d 



dt ds ' ds dt ' 
d 

— [exp(t(x + sv))(x + sv) exp(— trr) + exp(t(x + sv))(—x) exp(— tx)] = 
d 

— [sexp(t(x + sv))v exp(— tx)] = 

OS 

d 

s— [exp(t(x + sv))] vexp(-tx) + exp(t(x + sv)v exp(-tx) . 

OS 

Substitute s = 0: 

d ( d \ 

dt\ds^ S,t ^ s=0 ) = ex P( t;r ) t;ex P(~ tx )- ( 10 ) 

d d 
Also Q^f(s, 0)\s=o = 7^1 = 0, hence (10) gives: 

d f 

—f(s,l)\ s=0 = J exp(tx)v exp(-tx) dt. (11) 

But by the definition of /: 

d ( d \ 

—f(s,l)\ s=0 = I — exp(a; + si;)| s=0 I exp(-aj) =< D(expx),v > exp(-x), 

which together with (11) gives our assertion. 
QED 



Corollary 7 For s > 0, x, v G A: 

< — (exp(sx)), v >= / exp(tx)v exp((s — t)x) 
dx Jo 



Proof 



< ^(exp(sx)),i; >=< -^-(expy)\ y=sx ,sv >- 



— s exp(tisx)v exp((l — t±)sx) dti —t =s ti \ exp(tx)v exp((s — t)x) dt 
Jo ' Jo 

QED 



9 



We shall need the n-simplex A n . Let R™ +1 := R^ ' 1 '---'™}. Let L n be the n-dimensional 
hyperplane 

n 

L n := {teR n+1 | E^ = °}- 

i=0 

Let u n be a translation-invariant n-form in R n+1 such that 

(n \ n 

dti = ± A (12) 
i=0 / i=0 

This does not determine u; n uniquely, but determines the Haar measure that u n induces on 
hyperplanes parallel to L n . We call it Lebesgue measure on such hyperplanes and denote 
it by A n . 

The n-simplex A n is defined as: 

n 

A n := {t e R n+1 1 V t ti> 0,5> = l}. 

i=0 

It lies on a hyperplane parallel to L n . 

For each n>l,l<fc<nwe have a linear mapping T nfc : R n+1 — > R n : 

T n ,k{toi ti, ■ ■ ■ , t n ) = (to, • • • , tfc-2, ifc-i + ^fc, ifc+i, • • • t n ). 

T H)k maps A n onto A n _i. If we denote by T* k oo n ~\ the pull-back of io n -\ (which is a translation- 
invariant n — 1 -form in R n+1 ), then by pulling back (12) one gets: 

K,^n-i a ( E dt i) = Hdtk-i + dtfc) a A dt i- 

\i=0 ) iyik-l,k 

Hence if r\ n ^ is any translation-invariant 1-form on R™ +1 such that 

Vn,k A (difc-i + <it fc ) = ±cft fe _i A dt k (13) 
(say ?7 ni fe = dt k -i or ?? nife = then T* k u n -i A 77^ may serve as co n . Thus 

Corollary 8 Let r\ k ^ n as above satisfy (13). Then to integrate over A n w.r.t. X n , one may 
integrate over the fibers ojT nk w.r.t. \rj n>k \ and then integrate over A„_! w.r.t. X n -±. 



Proposition 9 

A n (A n ) = — . 
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3 THE DERIVATIVES OF THE EXPONENTIAL FUNCTION 



Proof for n = Ao = {1} and c^o = 1 (note that c^o, being a translation-invariant 0-form, 
may be viewed as a real number). L is a singleton, to which Ao gives the mass 1, hence 
Ao(A ) = 1. 

To pass from n — 1 to n (n > 1), take r) n>n = dt n to have 

u n = T* )n w„_i A dt n . 

Hence to integrate \ n over A n , one may integrate T* u n -i over the slices t n — 1 — s and then 
integrate over \ds\ on s G [0, 1]. These slices are 

{t e R n+1 1 (t , • • • , tn-i) e s • A n _i, t n = s - 1} 
and there, for £ e s ■ A n _i, 

^n,n(^0, • • • ? ^n-lj 1 — s) = • • • , *n-l + 1 — s) 

so integration w.r.t. T* n u n -i transfers to integration w.r.t. A n _i over s • A n _i. Hence one 
concludes: 

/■l z-i i 

A n (A n ) = / A n _i(s • A„_i) ds = A n _i(A n _i) • / s 71 ' 1 ds = -A„_i(A n _i) 
J o jo n 

and our assertion follows. 
QED 



Combining Corollaries 7 and 8 and using Corollary 4, one may compute the first derivative 
of an expression of the form 

/ M (exp(t a:), exp(tix), . . . , exp(t n x)) d\ n {t), 
JteA n 

where M : A n+1 — > A is bounded multilinear. Its derivative, computed ah v & A will be 

n+1 . 

/ M (exp(t x), . . . ,exp(tk- 2 x),exp(t k - 1 x)vexp(t k x),exp(t k+1 x), . . . ,exp(t n+1 x)) d\ n+1 (t). 

Since this is a similar expression, one may use the same formula to differentiate again. In this 
way one gets (by induction on n) the formula for the n-th derivative of exp x, namely: 

Theorem 3 Let A be a Banach algebra. For x e A, v±, . . . , v n e A, 
(D n (expx),v 1 <g> . . . <g> v n ) = 

Y / exp(i z)i^(i) exp(iix)^( 2 ) . . . exp^^x^^ exp(t n x) d\ n (t). (14) 

4>&S n jAn 

QED 
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4 Applying a C°°-function to Hermitian elements of a 
C*-algebra 

In this section we assume A is a unital C*-algebra. Denote by A the real Banach space 
of Hermitian elements in A. For x G A denote by B x the unital C*-algebra generated by 
x, which is commutative, and by Specx the spectrum of x w.r.t. B x . Spec re is a compact 
subset of R and B x is isomorphic as a C*-algebra to the C*-algebra C(Spec x) of all continuous 
complex functions on Specx, indeed there is a unique *-isomorphism & x : C(Specx) — > B x 
mapping the function t (the inclusion function to C) to x. 

Remark Specx is also the spectrum of x w.r.t. A. Indeed, for t G C, if to ^ Specie 
then x — to • 1 is invertible in B x hence in A. If to £ Spec a; then there are g n G C(Specx) 
so that sup tg g peCx \g„(t)\ = 1 but sup tG g peC;c \(t - t )g„(t)\ -> n 0. Hence ^(sOII = 1 and 
\\{x — t ■ l)$ x (g n ) || — >„ 0. If x — to • 1 were invertible in A that would imply 

1= \\$x(g n )\\ < II (X- t - I)' 1 1| || (X -t -1)^(^)11 ^ n 0. 

Let g : R — > C be continuous. For x G A we denote by (7 also the restriction of g to 
Specx, and define $ x (g) G A as the value of g applied to x and denote it by g(x). Thus g 
induces a function A — > A, which will be denoted by g*. 



Proposition 10 Let x G A and s G R. T/ien t/ie function t i— > exp(ist) applied to x gives 
exp(isx) in the sense of §3, and || exp(zsx) || = 1. 

Proof The complex exponential series converges uniformly on compacta. Therefore, uni- 
formly for t G Spec re, we have 

00 

exp(ist) = ]T ry(^) fc t fc . 

fc=0 

Applying the continuous homomorphism § x which maps the function t to x, one obtains 

00 

$ x (t i-> exp(ist)) = -r;(is) k x k , 

which is exp(isx) in the sense of §3. Also, Spec a; C R hence exp(ist) has for each t the 
absolute value 1, so its norm is 1 and since $ x is an isometry, || exp(isx)|| = 1. 
QED 



as 



We shall use the Fourier transform on R. For g G -^ 1 (R) we take its Fourier transform 

g(s) '■= ^ J R exp(-ist)g(t) dt. (15) 
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4 APPLYING A C°°-FUNCTION TO HERMITIANS IN A C* -ALGEBRA 



(This means that we take on R the Haar measure which is l/(27r) times Lebesgue, so on the 
dual s-line we will have to take the Haar measure = Lebesgue.) It is well-known that for 
g G ^(R), g G Co(R), an d if 9 a l so happens to be in -^(R) then 

= /r> exp(ist)^(s)rfs. (16) 



Consider Schwartz's space 5 - the linear space of complex C°° functions g(t) on R such 
that for all nonnegative integers n, k, \t\ k \g^ n \t)\ is bounded, with Frechet space structure 
defined by the seminorms sup t for all n, k. It is well-known that if g G <S then 

g G S and (16) holds, and that the mapping g i— > g is a topological automorphism of 5. 

Denote C°° := £>C°°(R, C). This is the Frechet space of all complex (generally unbounded) 
C°° functions on R. Denote by (C°°)* the dual space, whose members may be viewed as the 
complex distributions on R with compact support. 



Theorem 4 If g e C°° then g* : A -> A belongs to BC°°{A ,A). 

Proof We have to prove g* is C°° with bounded derivatives on ||x|| < r for all r. But for 
IMI < r i 9( x ) — 9*( x ) depends only on the restriction of g to Spec a; contained in [— r; r] hence 
it is equal to gi(x) if g\ G C°° coincides with g on [— r;r]. We may take g\ with compact 
support. Hence it suffices to prove the proposition for g with compact support. Such g is in 
S, has a Fourier transform g and (16) holds pointwise in t. 

Note, that by §2 and §3, for each s G R x \— > exp(isx) belongs to £>C°°(A , A) and 



dx n 



exp(isx) = (is) n D n (expy)\ y= 



For x G Aq, Thm. 3 gives a formula (14) for D n (expy) and Prop. 10 says that the exponents 
appearing in the integral in (14) have norm 1. Also, S n has n\ elements and A n (A ra ) = l/(n!). 
Thus one concludes that ||-D n (exp|/) | y=is:E || < 1 hence 



d" 



dx 1 



■ exp(isx) 



< \s\ n . 



So, if we denote the element x h- > exp(isa;) of i3C°°(A , A) by e s , then p„ ir (e s ) < |s|™ indepen- 
dently of r. Also, by Remark 1 the function s i— > e s is continuous from R — > BC°°(A , A). 
Return now to g. Since g e S, J |s| n |<?(s)| ds < oo i.e. / Pn,r (e s ) | ds < oo. Therefore in 
i3C°°(A , A) the following integral exists: 



9i 



J R e s g(s) 



ds 



(17) 



and, of course, g\ G i3C°°(Ao, A). For any rr G Aq we may apply to (17) the evaluation operator 
mapping each element of £>C°°(A , A) to its value at x, to obtain 



R 



exp(isx)^(s) (is. 



(18) 
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On the other hand, for s G R the element of C(Specx) t h- > exp(ist) has norm 1 and by 
Prop. 2 the function mapping each s to this element is continuous. Therefore the integral 
exp(ist)g(s) ds exists in C(Specx) and by (16) has for each t G Specx the value g(t). Hence 
the value of this integral in C(Specx) is (the restriction of) g, and applying § x gives in B x 
hence in A 




which with (18) gives g(x) = g±(x) hence g* = g± implying g* G BC°°(Aq, A). 
QED 



5 Bounding seminorms of g* by the seminorms of g 

We first consider C°° and its dual (C°°)* - the space of complex distributions with compact 
support. 

For G G (C°°)* , define its Fourier transform as the function on s G C 

G(s) := (G, t ^ exp(-ist)) . (19) 

By the definition of the topology in C°° and Prop. 3, the function mapping s G C to 
[t i— > exp(— ist)] G C°° is differentiable in s with derivative the operator (v G C) v i— > 
[t I— > — it exp(— ist)f ]. (Apply Prop. 3 separately for derivatives of each order and for each 
compact interval of t.) This means that this mapping, as a C°°-valued function on C, is 
entire. Consequently also G is entire. Moreover, one easily finds that in C°°, for real s, 
Pn,k(t l—> exp(— ist)) < \s\ k , hence for s G R G is bounded by a polynomial. 

Suppose now that g G S. Then since / |s| fe |^(s)| ds < oo, one finds that / g(s) exp(-ist) ds 
exists in C°° and its value in each t is, by (16), g(—t), hence its value in C°° must be the 
function t h- > g(—t). Applying G one obtains: 

| R g(s)G(s) ds = (G,t~ g(-t)} G G (C°°)* ,g £ S, 

or, written differently, 

<G, 5) = / R G(s)g(-s) = | R G(- a )^( a ). G G (C°°)* , g £ S. (20) 

Let now G G (C°°)*, 5 G C°°. The linear operator f fg from C°° to itself is continuous, 
and we define (as usual) the product gG G (C°°)* by 

(gG,f):=(G,gf) f G C°°. 

For g E S, we have 

(gG)(u) = (gG,t 1— > exp(— mt)) = (G, 1 1— > g(t) exp(-iut)) . 
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5 BOUNDING SEMINORMS OF G* BY THE SEMINORMS OF G 



We wish to use (20). The Fourier transform of 1 1— > g(t) exp(— rat) is 

s i— > — ^ exp(— ist)g(t) exp(-iut) dt = g{u + s) 
and using (20) we find 

(gG)(u) = J R G(s)g(u - s) ds Ge(C°°) m ,geS (21) 

i.e. (gG) is the convolution of G and g. 

We turn now to derivatives and integrals. Denote by 1 the element of C°° which is the 
constant function 1 and by 5 the element of (C°°)* given by (g G C°°) (5, g) := g(0). 

The linear operator mapping each g G C°° to its derivative is continuous. Also the linear 

(t may also be zero or negative) is continuous, 
by 



operator mapping g to J g :— t i— > J * (?(r) rfr 
For G G (C°°)*, define G' (as usual) and j* G 



(G',g):=-(G,g') (jf G, g) : = - (g, J q g) g G C°° (22) 

Note that if supp G (the support of G) is contained in [— r; r], also supp G' and supp j G are 
contained in [— r;r]. 

We have 

J q gJ, 9 ^ = - (/ q G, = (G, ^ (<?')) = (G,g - (5, g) 1) = (G, (?) - (G, 1) (5, (?) . 



Hence 

(J o G)' = G-(G,1)5. (23) 
For the Fourier transforms we have, by (19) and (22) 

(G')(s) = (G',t i— > exp(-ist)) = — (G,t h- > — isexp(— ist)) = is (G, £ i— > exp(— is£)) = isG(s). 
Thus 

=isG(s). (24) 

And by (23), 

w(jfG)( S )=G( a )-<G,l)J(a), 
and since 5=1 and (G, 1) = G(0), one concludes that for s ^ 

Uo G ) is) =h^ {s) - a{o) y (25) 

Now let g G C°° r > 0, n = 0, 1, 2, . . . and we wish to bound the seminorm in BC 00 {Aq ) A): p n> , 
(The integrals in what follows are always on the whole R.) 
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ds. 



Let / G <S with / = g on [— r; r]. For i6A with ||x|| < r we have g(x) = f(x), Therefore 
Pn,r(g*) = Pn,r(f*)- With the notation of the proof of Thm. 4, we have, in BC°°(A , A), 
f* — I e s /(s) ds hence 

Pn,r(f*) < / Pn,r(e s ) f(s) ds < J \s\ k f(s) 

Thus, if we denote by Y the closed affine subspace of S: 

Y : = {/ G S | / = g on [-r; r]} , 

then 



ds 



(26) 



Denote the infimum in the RHS by a. If a = then p n , r (g*) = 0. If a > then Y is disjoint 
from the set 



U:=<heS 



ds < a 



U is convex, balanced and open in S (since J \s\ n f(s) ds is a continuous seminorm there). 
By a form of Hahn-Banach 3 a (closed) hyperplane in S containing Y and disjoint from U. In 
other words, 3 a continuous linear functional G on S (i.e. a temperate distribution) so that 
G < a on [/ and G = a on Y. In particular, G vanishes on differences of members of Y, i.e. 
on members of S vanishing identically on [— r;r], which means that suppG C [— r;r]. Thus 
G may be seen as a member of (C°°)*. 

Using (20) one may express G being < a on U by: 



VheS J \s\ n \h{s)\ds < J G(-s)h(s) 



ds 



< a 



and since both sides are linear in h, we find 



VheS 



J G(-s)h(s) 



ds 



< 



h(s) 



ds. 



< \s 



(27) 
for s ^ 



This implies G(s) < \s\ n . If n > 1 then G(0) = and by (25), (/„ G)(s) 

and by continuity of (J G) also for s = 0. Since (G, 1) = (5(0) = 0, one find by (23) that 
G = (/ G)' . Also supp J G C [— r; r\. Thus we found that if n > 1 then G is a derivative of a 
member of (C°°)* with support contained in [— r;r] and Fourier transform bounded by |s| ra_1 
on R. Proceeding by induction, we find that G is the n-th derivative of a G\ G (C°°)* with 
supp Gi C [— r; r] and Gi(s) 



< 1 for real s. 

Choose an / G Y, i.e. / = g on [— r;r]. We have | (G,f) \ = a hence | (G,, 



a = 
cone 



ude: 



= a, i.e. 

Gi,^w) . Recall that by (26) a was an upper bound to p n ,r{g*)- Thus we 



Theorem 5 Let g G r > and n — 0, 1, T/ien 3 a G G (C°°)* tirat/i suppG C [— r; r] 



and 



G(s) < 1 /or s G R so i/iai 



Pn,r(0*)< (G, W 
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5 BOUNDING SEMINORMS OF G* BY THE SEMINORMS OF G 



QED 

To obtain an explicit bound, we apply: 
Bernshtein's Theorem: If G is as in Thm. 5 then for real s 



G)'(s) 



< r. 



Proof of Bernshtein's Theorem: We have seen that the derivative of the function R — > 
C°° mapping s to t h- > exp(-ist) is the function mapping s to 1 1— > — it exp(— isi), hence 

(g)'(s) = (G,ti-> -itexp(-it)) . (28) 

Consider the circle T = R/ (27rZ). We use the same notation for a t G R and its image in T. 
In T we take a Haar measure normalized to mass 1 for the whole T. Consider the function 
on T: 

- - t < t < TT 

m-={ (29) 

^ + t -TT < t < 

j is even, continuous, and is easily seen to be — tt/2 plus 2tt times the convolution of the 
characteristic function of the interval [— tt/2;tt/2] with itself. Hence all Fourier coefficients 
j(m),m are non-negative, while clearly j(0) = 0. 

Let tt/2 > e > 0. Choose a function f e on T non-negative, even, C°°, supported in [— e; e], 
with integral 1 and with non-negative Fourier coefficients (the last requirement can be acheived 
by replacing f £ with f £ / 2 convolved with itself). Certainly, its Fourier coefficients (f s )(m) are 
fastly decaying, i.e. decay faster than any negative power of m. 

Let h be the convolution f £ *j. his real, even, continuous, and h{m) are non- negative and 
fastly decaying, certainly in i 1 , hence 

h(t) = H m ) exp(imt) (30) 

m 

TT TT 

Moreover, for e < t < tt — e f e "sees" only the part — — t of j, and since f £ is even h(t) = — — t. 
Let c < 7r/(2r) and subsitute ct + tt/2 for t in (30): 

h(ct + tt/2) = ^/i(m)exp(?m(ct + 7r/2)), (31) 

m 

and view this as a series of members of C°° (functions on R). On the one hand, any seminorm 
on exp(im(ct + tt/2)) grows polynomially in m and the coefficients are fastly decaying, hence 
the series converges in C°° to h(ct + tt/2). On the other hand, for e small enough t ^ ct + tt/2 

TT 

will project [— r; r] into the interval where h(t) = — — t hence h(ct + tt/2) = —ct. This holds 

1 

on a neighborhood of supp G. Multiplying by - exp(— ist) we have a series converging in C°°, 

c 

such that in a neighborhood of suppG: 

—itexp(-ist) = - V" him) exp(i(mc — s)t) exp(im7r/2) 

c — ' 
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Applying G, we get in the LHS [GJ (s) and in the RHS a combination of exp(imir/2)G(mc— s), 

which have absolute value < 1 simce \G\ < 1 on R, with the non-negative coefficients h(m). 
Therefore 

(G)'(s) < (l/c)E%) = (l/c)M0) = (l/c)(vr/2). 



This holds for any c < n/2r, and one concludes that 
QED 



{G)'(s) 



< r. 



Thus for real s, for G as in Thm. 5 

1 

\s\ 

while on the other hand, since \G\ < 1, 

1 

\s 



(S)'(s) 



< r, hence 



G(s) - G(0) 



< r 



G(s) - G(0) 



< 



Thus (-i/s) (G(s) - (5(0)), which By (25) is just (J G), is an L function on R with square 
L 2 norm (w.r.t. Lebesgue) no more than 

r2/r roo 9 

2/ r 2 ds + 2 (2/sf ds = 2- - • r 2 + 2-4- (2/r)" 1 = 8r. 

We need to estimate (G, g) for 5 e C°°. To this end choose r 2 > r\ > r and a C°° function £ 
on R such that < i(t) < 1, £ = 1 on [~n; r x ] and i = outside ] - r 2 ; r 2 [. By (23) 



\{G,g)\ 



{G,l){6,g) + (( G) ,g 



< |^(0)lb(0)| + 



G,g' 



g' and i ■ g' coincide on supp J G. By (20) 



and we know that 



GJ-g' 



R \Jo 



G)(-s)(£ ■ g')(s) ds 



< 



G 



(IqG) < V8r, while by Plancherel's Theorem (£ ■ g') 



(* ■ 9') 



is the L 2 norm 



of £(t) ■ g'(t) (computed w.r.t. l/(2n) times Lebesgue) which with T\ and r 2 tending to r gives 

, / 1 rr \ !/ 2 

\(G,g)\<\gm + V&(-jjgW 
Combining everything with Thm. 5 one finally has 
Theorem 6 Let g G C°° , r > and n = 0, 1, . . .. Then 



Pr,n(g* 



™p \\gi n) (x)\\) < 

IMI< r / 



g w(o)\+v&^f_y n+i \t) 



1/2 



Clearly, the same will hold also for g in the Sobolev space which is the completion of the 
C°° -functions w.r.t. the RHS norm. 

QED 



